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Gaussian Belief Propagation

GBP has been shown to be a robust distributed solver which works in
challenging (nonlinear, non-Gaussian) settings. Recent examples
include

• Bundle adjustment and SLAM (Ortiz et al., 2020, 2022)
• Multi-robot localisation (Murai et al., 2022)
• Multi-robot planning (Patwardhan et al., 2022)
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Soft-switching in GBP

Figure 1: Murai et al. (2022)

2



Soft-switching in DNNs

Figure 2: @BenThePearman
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Research Questions

1. Can we use GBP to learn model parameters?
2. How should we design learning systems to be trainable in this
way?

3. What properties do these systems have?
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Flexible Models

Many applications warrant models which can learn

• incrementally and in-the-loop, trading of plasticity and stability
on the go,

• without constant supervision signal,
• alongside hand-designed solvers.

Existing DL systems are lacking in these respects.

5



Motivating Example 1: Learning in the Loop

Suppose we have a robot exploring a scene. They can recognise
some landmarks in a known map however, the true wheel odometry
model is not known. Can we still use the odometry to improve our
localisation?

We could:

1. assume an odometry model based on e.g. prior knowledge or
physics,

2. collect a dataset and train a model offline, fix the model and do
localisation,

3. ignore the wheel odometry, use the visual features only.
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Motivating Example 1: Learning in the Loop
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Motivating Example 1: Learning in the Loop
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Motivating Example 2: Streaming Data

Suppose we want to learn a user behaviour model in a setting where

1. Data cannot be stored
2. Variables are missing for some observations
3. Not all observations have labels
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Motivating Example 2: Streaming Data
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Flexible Computation

Backprop is strict about the ordering of operations, which can
present challenges for distributed training. Could learning with BP
enable more flexible learning systems? Could this better leverage
recent hardware platforms with memory colocated to compute?

Figure 3: Graphcore IPU Figure 4: Cerebras WSE-2
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Factor graphs

Factor graphs are compact representations of probability
distributions. Each factor φj(xj) represents the compatibility between
different variables. Through inference in such a factor graph, we can
find the most likely configuration of variables, given the fixed
assumptions encoded in the factors.

Figure 5: Dellaert et al. (2017)
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Learning in Factor Graphs

Traditionally, learning and inference are
viewed as two distinct procedures.
• Contrastive divergence
• Expectation maximisation
• Deep learning

In this setting each factor has some
parameters φj(xj) = φj(xj|θj) which are
learned during training, and fixed
thereafter.
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Learning within inference

Can we do inference and learning as part of the same procedure?

We consider including parameters as additional variables in the
graph x̃j = {xj, θj}, φ̃j(x̃j), and extending inference to cover both
variables {xj} and parameters {θj}.
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GBP Learning



Model Design

We aim to translate effective architectural designs from DNNs to
factor graphs.

Inputs, outputs, activations and parameters are all included as
variable nodes. Hidden layers are connected by consistency factors.
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Layerwise consistency

The precise form of these factors is a design choice, but in general
they either enforce xl+1 ≈ fl(xl) (feedforward) or xl ≈ gl+1(xl+1)
(generative).
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Layerwise Consistency

Layer Type Factor Graph Factor Energy

Dense
Edense =

∣∣∣xl+1−h(WTxl+b
)∣∣∣2

σ2

Conv. Econv =

∣∣∣[xl+1]1−h(θT [xl]1:3+b)∣∣∣2
σ2

Max pool Emp = |[xl+1]1−max([xl]1,[xl]2)|2
σ2

Table 1: Some examples of inter-layer factors. h(·) is an elementwise
activation function.
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Inference

As the model is a Gaussian factor graph we can do inference with
GBP.

All message update rules are local, so training can be distributed
and asynchronous.
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GBP in Nonlinear Models

GBP is a solver for linear-Gaussian systems. To apply it to nonlinear
factor graphs, we linearise around the current MAP estimate, run a
few GBP iterations in the linearised model, relinearise about the
updated MAP, etc.

Figure 6: Ortiz et al. (2021)
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Efficient Factor to Variable Messages

Naïve computation of the message from a factor j to a connected
variable is O

(
V3j
)
, where Vj is the degree of factor j, making the

messages to all variables O(V4j ).

We reduce this to O(Vj) these updates by

1. Exploiting the low-rank structure of the linearised factor
precision matrices via Woodbury identity.

2. One upfront computation O(Vj) to compute intermediates which
can be reused for all outgoing messages from a factor.
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Continual Learning

Given the sequence of tasks [τ1, τ2, · · · , τT ], we learn continually by
iterating

Dk ∼ τk Sample observations for task k
pk(θj)← q(θj|D1:k−1) Set parameter prior to prev. posterior

{q(θj|D1:k)}j ← GBP(Dk,pk(θj)) Run GBP in graph for task k
k← k+ 1
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Why Gaussian?

1. Previous work shows GBP can be effective in the presence of
nonlinear relationships and non-Gaussian observations.

2. Guarantees exist for loopy belief propagation in linear-Gaussian
models (Weiss and Freeman, 1999; Johnson et al., 2009)

3. Gaussian variables are often a natural representation for
(quasi-) continuous signals e.g. pixel intensities

4. No trade off between compute and number of states.

We hope to mitigate the restrictiveness of a Gaussian assumption
with overparameterisation + nonlinearities.
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Discrete Observations

While we assume the variables in our model are Gaussian
distributed, we can use nonlinear factors to model discrete
phenomena. For example, we can use Gaussian logits u to
parameterise categorical observations, one-hot y.

uj ∼ N (µj, σ
2
j )

Esoftmax =
|y − softmax (u)|2

σ2
,

and generate class predictions according to

pi ≈ softmaxi (u) .
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Implementation

The current codebase is built in TensorFlow for GPU acceleration,
static graph optimisations, XLA support, TensorBoard. Inference is
parallelised over a batch.

We note that JAX has similar advantages to TensorFlow, though it
might also allow for easier multi-device parallelism and be slightly
faster.
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Related Work



Related Work

There are many interesting connections between our method and
other research areas. These can primarily be divided into four areas:

1. Energy-based models
2. Bayesian deep learning
3. Local deep learning
4. Learnable, discrete factor graphs
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Related Work: Energy-Based Models

Probabilistic EBMs allocate probability density as

p(x|θ) = 1
Zθ

exp (−Eθ(x))

where Eθ(·) is e.g. a DNN which outputs a scalar.

Eθ(·) can be trained to maximise the likelihood of a dataset D := {xi}

θ∗ = argmaxθ log p(D|θ)

by contrastive divergence, which approximates the gradients of Zθ
using samples from the model. Samples from p(x|θ) are not easy to
generate, and are usually drawn by expensive MCMC.

27



Related Work: Energy-Based Models

Our factor graphs can be viewed as EBMs with quadratic energy
functions. As we assume all variables are Gaussian distributed, and
we do inference of the posterior marginals, we do not need to worry
about normalisation.

As we assume a family of distributions, our model formulation is less
flexible than e.g. deep EBMs, however, we seek to counterbalance
this with overparameterisation and nonlinear factors.
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Related Work: Bayesian Deep Learning

As in Bayesian deep learning (BDL), we seek to infer a posterior
distribution over the weights a deep network. Existing approaches to
BDL include

1. MCMC (e.g. Zhang et al., 2019; Neal, 2012)
2. (Mean-field) variational inference (e.g. Gal and Ghahramani,
2016; Blundell et al., 2015)

3. Laplace approximation (e.g. MacKay, 1992; Ritter et al., 2018).

In these models, activations are only uncertain due to uncertain
parameters. In contrast, our layers are linked by probabilistic factors,
so our activations are inherently random. Uncertainty can be
resolved by both bottom-up and/or top-down messages.
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Related Work: Local Deep Learning

Biological plausibility and computational efficiency have motivated
research efforts into alternative approaches to DNN training.

These include local deep learning methods which aim to replace the
propagation of global loss signal with parameter updates via a local
rule or loss. Methods include

• local contrastive learning (Löwe et al., 2019; Hinton, 2022),
• local supervised losses (Belilovsky et al., 2020),
• Hebbian learning (Krotov and Hopfield, 2019).

Belief propagation updates are inherently local and so we not suffer
from backward locking. Our models can be trained in a distributed
and asynchronous manner.

30



Related Work: Vicarious i

Query Training (Lázaro-Gredilla et al., 2021) is an approach to learn
the parameters θ of a factor graph by framing inference as
supervised learning. The algorithm is as follows:

1. A subset of variables in each training example are masked,
2. BP is unrolled given current θ and the observed variables,
3. the inferred marginals in the mask are compared to ground
truth and

4. θ updated through backprop.
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Related Work: Vicarious ii

Hierarchical compositional feature learning (Lázaro-Gredilla et al.,
2016) is similar to ours. Parameters are included as variables in the
graph. The main differences with our work is that

• variables in our model are continuous,
• and we do marginal (rather than MAP) inference, allowing
continual learning by filtering.

In addition, George et al. (2017) present a factor graph vision model
inspired by known connectivities in the visual cortex. MAP inference
is executed using BP and some architectural features are learned
without supervision based on consistency between neighbouring
receptive fields.
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Related Work: Training Deep Networks with GBP

Authors also use GBP to train deep models. They analytically derive
the message updates for MLPs with sign or ReLU activation
functions. The resulting updates can be computed more efficiently if
the weights and activations are assumed to be discrete. In addition
they have to train for multiple epochs and do not consider the
potential of BP for distributed training.
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Results



Toy Experiments

We first evaluate GBP Learning with some MLP-like factor graphs on
simple supervised learning tasks.

1. Exclusive-OR classification
2. 1D regression
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XOR
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Regression
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Video Denoising

To demonstrate the benefit of learnable parameters, we compare
GBP Learning to a hand-designed denoiser: pairwise smoothing with
robust factors.

We also ablate two features of our approach:

1. Continual learning vs per-frame learning
2. Single layer vs multi-layer
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Video Denoising

Layer # Type Kernel Size # Filters Activation
1 Transposed conv. 3× 3 4 Linear

Table 2: Single layer model

Layer # Type Kernel Size # Filters Activation
1 Transposed conv. 3× 3 8 Leaky ReLU
2 Upsample 2× 2 N/A N/A
3 Transposed conv. 3× 3 8 Leaky ReLU
4 Upsample 2× 2 N/A N/A
5 Transposed conv. 3× 3 4 Linear

Table 3: Five layer model
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Video Denoising

• Continual learning outperforms learning from scratch at each
frame

• Five-layer model performs better than single-layer
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Video Denoising: Classical vs Learnt

(a) Clean image (b) Corrupted image

(c) Pairwise smoothing (d) Per-frame learning, single layer
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Video Denoising: Single Layer vs Five Layer

(a) Clean image (b) Corrupted image

(c) Per-frame learning, single layer (d) Per-frame learning, five layer
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Image Classification: MNIST

We do image classification with a
small convolutional factor graph.
• The dataset is batched and the
model trained via continual
learning — only one epoch

• GBP is used both for training and
prediction

• Parameters are fixed at test time
• Architecture as on RHS, but conv
has 16 filters, kernel size 5× 5
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Image Classification: MNIST

• GBP Learning can effectively capture nonlinear relationships
• Also outperforms a linear classifier even in low-data regimes
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Asynchronous Learning: MNIST

To simulate asynchronous training, we uniformly sample four layers
to update at each iteration. Sampling is with replacement, so at each
iteration only a subset of the layers are updated (and some are
updated multiple times).

Asynchronous training converges in a similar number of iterations
and to a similar accuracy as synchronous GBP, with
forward-backward sweeps.
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Asynchronous Learning: MNIST
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Image Classification: Comparison with Lucibello et al. (2022)

We compare the MLP-like factor graphs of Lucibello et al. (2022) with
our convolutional model. We note that

• Lucibello et al. (2022) run for many (∼ 100s) of epochs, we run
for one,

• The derived message updates of Lucibello et al. (2022) only hold
for MLP-like models, where ours is a general recipe to any
architecture.

Dataset Lucibello et al. (2022) Ours
MNIST 97.4± 0.1 98.2± 0.1

FashionMNIST 88.2± 0.3 88.2± 0.3
CIFAR10 41.3± 0.3 53.1± 0.7

Table 4: Test accuracy (%). Ranges cover one standard deviation either side
of the mean for 5 seeds.
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Conclusion

• We can express learnable models as Gaussian factor graphs
which can be trained with GBP

• Nonlinear factors and discrete observations can be
accommodated through iterative relinearisation

• Learning can be done incrementally by filtering over the
parameters

• Training can be asynchronous and distributed
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Future Work

• Joint state estimation and learning in a combined factor graph
• Effective scaling to deeper networks
• Graphcore IPU implementation

48



Thanks for listening!

Questions?
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GBP with Nonlinear Factors i

The factor to variable message updates for GBP are

Λφj→xk ← Λ
(
φj
)

k,k − Λ
(
φj
)

k,\k

(
Λ
(
φj+m

)
\k,\k

)−1
Λ
(
φj
)

\k,k ; (1)

ηφj→xk ← η
(
φj
)

k − Λ
(
φj
)

k,\k

(
Λ
(
φj+m

)
\k,\k

)−1
η
(
φj+m

)
\k , (2)

where Λ
(
φj+m

)
:= Λ

(
φj
)
+ Dφj and η

(
φj+m

)
:= η

(
φj
)
+ eφj .

For nonlinear factors we approximate the factor precision Λ
(
φj
)
and

information η
(
φj
)
based on the local geometry. The measurement

function h(·) relates connected variables xj to an observation yj
giving the factor energy

E(xj, yj) =
(
yj − h

(
xj
))T

Λo
(
yj − h

(
xj
))

. (3)
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GBP with Nonlinear Factors ii

For a Jacobian J := ∂h
(
xj
)

∂xj |xj,0 substituting a local linearisation of the
measurement function about xj,0

h
(
xj
)
≈ h

(
xj,0

)
+ J

(
xj − xj,0

)
(4)

into (3) we end up with an energy function quadratic in the variables.
We can then compare it to the energy for a linear factor to derive the
precision and information of the linearised factor (Davison and Ortiz,
2019).

η
(
φj
)
= JTΛo

(
Jxj,0 + yj − h

(
xj,0

))
(5)

Λ
(
φj
)
= JTΛoJ (6)
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Efficient Factor to Variable Messages 1 i

GBP is bottlenecked by the matrix inversion in the factor to variable
message update (2). We can rewrite the inversion of
Λ
(
φj+m

)
\k,\k := [Λ

(
φj
)
+ Dφj ]\k,\k by first substituting the precision for that

of a linearised factor (6)1(
Λ
(
φj+m

))−1
=

(
JTΛoJ+ Dφj

)−1 (7)

and then using the Woodbury identity(
Λ
(
φj+m

))−1
= D−1

φj − D
−1
φj J

T
(
Λ−1
o + JD−1

φj J
T
)−1

JD−1
φj . (8)

The matrix of incoming messages Dφj is diagonal and so cheap to
invert. Usually the observation dimension M := dim(yj) is smaller
than the number of connected variables Vj := dim(xj). Using (8), we
can invert a M×M matrix instead of a (Vj − 1)× (Vj − 1) matrix. The
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Efficient Factor to Variable Messages 1 ii

complexity to compute one outgoing message is reduced from
O
(
(Vj − 1)3

)
to O

(
(V − 1)M2 +M3).

1\k subscripts removed for clarity
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Efficient Factor to Variable Messages 2 i

For each outgoing message (2) we require intermediates which are
sums over all but one of the variables, e.g.

Ui := J:,\iD−1
\i,\i

(
J:,\i

)>

. (9)

This has complexity O
(
(V − 1)M2) for each outgoing variable i (D−1 is

diagonal). However, we can reduce this by first computing

Û := JD−1J
>
, (10)

which can be reused for all outgoing messages

Ui = Û− J:,iD−1
i,i

(
J:,i
)>

. (11)

This reduces the complexity for computing all outgoing messages
from φj to linear in Vj.
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Video Denoising: Per-frame vs Continual Learning

(a) Clean image (b) Corrupted image

(c) Per-frame learning, five layer (d) Continual learning, five layer
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